$EVWUDFW In this paper we study the effect of a thin-film elastic surface coating on infinitesimal plane vibrations of a rectangular block of incompressible isotropic elastic material, which is subject to a static pure bending deformation. The equations governing the vibrations superimposed on the bending deformation are derived along with appropriate boundary conditions. The equations are then solved numerically in order to illustrate the dependence of the frequency of vibrations on the aspect ratio and the underlying deformation of the block and on the material parameters of the coating. Comparisons with results for an uncoated block are highlighted and the limiting case of zero frequency (corresponding to bifurcation of the static configuration) is discussed.
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In several recent papers, a static theory of an elastic surface coating for an elastic bulk material has been developed by Steigmann and Ogden [1, 2, 3], and several applications of the theory have been studied [4, 5] . More recently, the dynamic counterpart of the theory has been presented [6] . The aim of this paper is to apply the dynamic theory to a prototype problem in order to illustrate the influence of the surface coating on the vibration characteristics of a rectangular block of incompressible isotropic elastic material subject to a finite static underlying deformation.
In section 2, following Ogden and Steigmann [6] , we summarize the equations governing the plane strain dynamics of a thin-film surface coated solid subject to large deformations are summarized while in section 3 the corresponding incremental equations governing small motions superimposed on an underlying finite motion are given. The static deformation of a rectangular block into a sector of a circular cylindrical tube is described in section 4 as a prelude to considering a superimposed infinitesimal motion. Material models to be used for the bulk material and the surface coating are discussed in section 4.1. The incremental equations from section 3 are then specialized in section 5 for this underlying deformation and appropriate incremental boundary conditions are derived in a convenient form. This generalizes to the dynamic situation the work of Dryburgh and Ogden [5] concerned with the (static) bifurcation of a rectangular block subject to bending. In section 6 time-harmonic vibrations are considered and appropriate non-dimensionalizations for the various parameters are established. The resulting equations are solved numerically for a representative range of parameter values and the results are discussed in section 6.1. The frequency is plotted against a measure of the underlying static deformation, namely the stretch on the long curved side of the block. The results illustrate the effect of changing the bending stiffness of the coating and the aspect ratio of the block, and a comparison is made with corresponding results for an uncoated block. The dependence of the frequency on the ratio of coating to bulk density and the relative importance of the coating rotatory inertia term are also discussed briefly.
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We consider the plane motion of a body whose plane section occupies the region F 5 U
5
in the reference (natural) configuration. The current configuration, which changes with time U, is denoted by a F and the motion is described by the invertible and appropriately regular function
where [ and { are points of F and a F, respectively, and L is a time interval. The deformation gradient I+[ U, is given by I @ Judg, where Grad is the two-dimensional gradient operator on F.
Let the boundary !F be parametrized by arclength 4, taken in the counterclockwise sense such that the outward unit normal Q is rightward following the orientation of the curve. Similarly, points of ! a F are identified by the arclength T and the outward unit normal on ! a F is denoted by q, which is related to Q by the classical Nansonòs formula, which, for the present plane-strain specialization, has the form
Let part of the boundary 1 !F be coated with a thin elastic film that deforms as a material curve to become a 1 ! a F. The motion of each point [+4, 5 1 is described by the position vector
In terms of the notation defined by + , 3 @ !+ ,!4, the unit tangent W @ [ 3 +4, to 1 maps to
where u +4 U, @ mI+[+4, U,W+4,m @ T 3 +4 U, is the stretch of 1 induced by the motion and +4 U, is the unit tangent to a 1 at the point corresponding to arclength 4 on 1. The unit tangent can be decomposed into the directions singled out by a Cartesian basis ih 4 h 5 j through the counterclockwise angle +4 U, between its direction and that of h 4 . Thus
We denote by D+4 U, @ n +4 U, the leftward unit normal to a 1, where n @ h 4 h 5 . Differentiation of Equation (5) with respect to 4 yields
and we note that the curvature of a 1 is u 4 . The material in F is assumed to be hyperelastic, with strain-energy function 8+I,. It is also assumed to be incompressible, so that the constraint ghw I @ 4 is satisfied. The nominal stress tensor V is then given by
where Q is the usual Lagrange multiplier. The surface coating is taken to be characterized by the strain energy 6+u , per unit length [1] which accounts for elastic resistance to both extension and flexure of 1. The tangential force ' and moment . on a 1 are given respectively by
where a comma indicates a partial derivative. In general, the force, denoted I, at a point on a 1 has tangential component equal to ' and also a normal component, ( say, so that we can write
The quantity ( may be interpreted as the transverse shear force on the film. It is a Lagrange multiplier associated with the constraint that no transverse shear strain is admitted because of the assumed geometrical nature of the coating. It is not determined by a constitutive equation and is therefore an unknown of the problem requiring a specific equation for its determination.
In the absence of body forces the equations of motion in F take the form
where z is the mass density of the bulk material per unit area of F, Gly is the divergence operator in F and GGU denotes the material time derivative. If we denote by !F Y and !F G parts of !F without coating on which, respectively, displacements and tractions are prescribed, the appropriate boundary conditions are
Further boundary conditions are provided by derivation of the equations governing the motion of the surface coating. Linear momentum and moment-of-momentum balances for the film give the following local equations [6] 
where z 3 and *+4,, respectively, are the mass density and the mass moment of inertia per unit reference length of the film, the latter taken to be independent of the motion. Equation (13) couples the response of the bulk material with that of the film, while (14) determines the Lagrange multiplier (+4 U,, so that the force i+4 U, at each point of the coating is fully determined. In deriving (14) the rotatory inertia term has been taken into account. The importance of this term will be emphasized in the application considered in sections 5 and 6, and situations where its neglect can be justified will be identified. We refer to [6] for a detailed discussion of this point.
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We now consider an incremental motion superimposed on the dynamic deformation described in section 2. Incremental displacements are given by x+{ U, @ b {+[ U,, where b + , denotes a small increment in the quantity concerned. The incremental versions of the equations of motion referred to the reference and current configurations, respectively, are
and
where div is the divergence operator in a F, @ I b V. We note that because of the incompressibility constraint the density z of the bulk material is unaffected by the change of reference configuration.
The definition of the tensor originates from the equality b V 5 Q = u 5 q, which expresses the incremental traction vector in terms of the two incremental stress tensors, and the two-dimensional specialization u q @ I 5 Q of Nansonòs formula, obtained from (2) with u @ gTg4. The linearized constitutive equation for the bulk material is
where @ judg x (grad being the gradient operator in a F), L is the two-dimensional identity tensor and F 3 is the fourth-order tensor of instantaneous elastic moduli (possessing the major symmetry $ 3JKLM @ $ 3LMJK , J K L M 5 i4 5j). Incompressibility requires that wu @ 3.
Let j denote the Cauchy stress tensor and { 4 and { 5 its principal components. Since @ b j j, the balance of rotational momentum yields 45 54 @ { 4 54 { 5 45 , and a comparison of this with (17) shows that
Specific expressions for $ 3JKLM are given in section 5, where isotropic materials will be examined.
The incremental boundary conditions for the field equation (16) can be derived from (11)ï(14). In particular, for points of ! a F where there is no coating, we have
On a 1, by taking the increments of (13) and (14), updating from the variable 4 to T, and noting that u @ gTg4, we obtain
where + , 3 now indicates differentiation with respect to T and z+{ U, @ x+{ U, for { 5 a 1. As pointed out in [6] , if the underlying deformation is purely static then the form of the inertia term in Equation (22) is correct whether or not * is strain dependent because the equations are linearized with respect to a fixed configuration of the film. Note also that u 4 z 3 and u 4 *, respectively, are the mass density and mass moment of inertia of the film per unit current length. Just as (14) determines (, Equation (22) essentially provides an expression for b (. Since the incremental form of (9) may be written
The term b ( is given by (22), while ( can be obtained from the updated counterpart of (14), namely
and b 3 @ u 4 b enables us to obtain an expression for b i 3 , which is needed in (21). Thus
where
For future reference we record the incremental kinematical expressions
which follow directly from (4) and (6).
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In the application considered in sections 5 and 6 the effect of an incremental motion superimposed on the quasi-static finite deformation of a coated rectangular isotropic elastic block under flexure will be examined, so that time dependence in the equations that govern the finite motion is omitted. Here, we summarize the equations describing this type of inhomogeneous deformation are summarized. In a Cartesian coordinate system +9 4 9 5 , the undeformed block F occupies the region
The bending deformation is described, in terms of polar coordinates +S r,, by
so that the deformed block a F is defined by
Imposition of the incompressibility constraint reduces the deformation to
where k and l are constants which are fixed by the boundary conditions (see, for example, Ogden [7] ). With respect to a reference rectangular Cartesian basis ih 4 h 5 j and to a current polar basis ih S h r j, the (in-plane) deformation gradient takes the form
where u S @ u 4 and u r @ u @ kS are the principal stretches associated with the Eulerian principal directions h S and h r , respectively.
For an isotropic elastic material the strain-energy function 8+I, can be written, in the present plane context, as a function of the principal stretches, namely 8+u S u r ,. Hence, through (7), the nominal stress tensor may be written
The equilibrium equations obtained from (10) reduce to the following single ordinary differential equation in 9 4 (see [7] for details)
the integration of which, with the help of (34), yields
In (36) the integration constant q and the notation 8+u , @ 8+u 4 u , have been introduced. In terms of 8, the difference between the Cauchy principal stresses { 5 @ { r @ u U 5 and
On the curved boundaries of the deformed body the traction vector is given by
while on the straight sides r @ k) the resultant (in modulus) of the normal stress U 5 , denoted O, and its moment calculated about the origin, denoted P, are
The boundaries 9 4 @ ", denoted 1 and 1 . (with 1 @ 1 ^1 . ), are coated with an elastic thin film with strain energy 6 per unit length. Parametrization of 1 is set so that 4 @ ) 9 5 on 1 and 4 @ ) . 9 5 on 1 . . Therefore, since @ r . 6y5 on 1 and @ r . y5 on 1
. , the kinematical quantities introduced previously on the two coated sides of the block are
where subscripts and . refer to 1 and 1 . respectively. Along each coated boundary, u and are constant and, since the coating material is homogeneous, it follows that ' 3 @ . 3 @ 3 and, from (14) specialized to the static case, that ( @ 3. Consequently, i+4, @ 6 u and i 3 +4, @ 6 u D on 1 and 1 . . From (13), (36) and (38) it then follows that the boundary conditions that couple the response of the block to that of the elastic coating are
These conditions, together with (39), provide sufficient information to determine k l q O and P. For an uncoated block, whatever the strain-energy function 8+u ,, the condition u u . @ 4 holds, leading to
Steigmann and Ogden [2] have shown that a necessary condition for a static deformed configuration +u , to be an energy minimizer is that the Hessian matrix 6 u u 6 u 6 u 6 is positive semi-definite.
For a membrane film, for which bending stiffness is disregarded, a necessary condition is that ' is non-compressive, and hence 6 u 3 (44)
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We assume that the bulk material is characterized by a two-dimensional form of the general class of strain-energy functions introduced in [8] . Thus, we may write
where v J and n J are constant parameters satisfying v K n K 3 (no summation over index K) and the ground-state shear modulus is v @ S / J@4 v J n J 5. In particular, a three-term form of (45) is used in the results shown in section 6.1, with values of the parameters given by n 4 @ 46 n 5 @ 83 n 6 @ 53
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For the coating material we take 6 to have the simple form
where the material constants N and O, for consistency with the requirement discussed in (43), are non-negative. The current axial force and couple in the coating (cf (8)) are given by
As discussed in [1], from a comparison with engineering plate theory it can be deduced that the quantity s ON, which has dimensions of length, may be interpreted as being of the order of magnitude of the coating thickness. Therefore, since the theory of surface coating applies to problems where the coating thickness is very small compared with any other length scale we shall restrict our attention to values of N and O such that ON "
5 . Having defined the strain-energy functions for the block and the coating, it is now possible to find the parameters that characterize the finite deformation of the coated block. In [5] explicit results for a specific simple version of (45) are given for the same boundary-value problem.
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The incremental equations of motion (16) are coupled with the constitutive law (17) to obtain a description in terms of displacement x+{ U,, which, in the polar coordinate system introduced in a F, takes the form x @ V S h S . V r h r . With respect to the same basis the tensor is
The incompressibility condition (tr @ 3) requires that
For an incompressible isotropic elastic material the components of the constitutive fourthorder tensor F 3 can be written in terms of two incremental moduli, denoted m 4 and m 5 , that depend on the deformation. The non-vanishing components of F 3 in (17) may be expressed in the form
where Q @ +{ S
The incremental constitutive equations (17) can now be written as
Since the underlying deformation is static, the incremental equations of motion, in polar coordinates, can be written as
where here and henceforth U denotes the material time derivative. By substituting Equations (53) into (54) we obtain
where @ +{ r { S ,5. In (55) 5 the connection (18) has been employed together with the equilibrium equation in terms of the principal Cauchy stresses, which takes the form { SS @ +{ r { S ,S. The incompressibility condition (50) admits the introduction of a displacement function @ +S r U, such that
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Substitution of (56) into (55) followed by elimination of b Q leads to a single incremental equation of motion in terms of , namely
In terms of the incremental moduli m 4 and m 5 and strain energy 8+u ,, the parameters $, % and & introduced in (57) are given by
Equation (57) 
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Through (25), the incremental boundary conditions (21) can be written in component form as
The general expressions for 5 and /, given in Equation (26), are now specialized for the problem under consideration. Since the underlying deformation is static, we have G 5 GU 5 @ 3. Moreover, u and are constant on a 1 . and a 1 , so that u 3 @ 3 @ 3 and hence, from Equation (48), ' 3 @ . 3 @ 3. Finally, from Equation (8), we have b ' @ 6 u u b u . 6 u b and b . @ 6 u b u . 6 b . Therefore, in (60) and (61) we use
Equations (60) 4 and (61) 4 involve SS , which includes the unknown b Q. This can be eliminated by differentiating the two conditions with respect to r and substituting (55) 5 into SSr . In terms of we then have
The final form of the boundary conditions on a 1 for the incremental equation of motion (57) can be obtained through the specialization of (27), which yields
and noting that, from Equation (41) 
For an uncoated block, boundary conditions on the two curved sides correspond to imposition of traction-free surface conditions, namely $S 6 SSS +5% . $,+ rr S Srr , S 6 z SUU @ 3 rq a 1 (68)
The moment of inertia * (per unit length in 1) can be calculated using the analogy with plate theory by considering the coating to be a rod of length W (the deformed coating thickness). The moment of inertia about the axis n through its centre is then * @ z 3 W 5 45.
Let z 3 @ z D 7, where z D is the mass density of the film per unit reference area and 7 is the film thickness in the reference configuration. Then
For simplicity, we assume that the coating material is incompressible. This leads to the equality W @ 7u and hence
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Separable solutions of (57) of time-harmonic form are now examined. We represent the function +S r U, as
where~+S, is a real function, R is a real number to be determined and is the frequency of vibration. Substitution of (72) into (73) yields a fourth-order linear ordinary differential equation for~+S,, not given explicitly here, which is solved numerically. To this end, it is transformed into a system of four first-order ordinary differential equations in the form
A general solution of (73) is given in terms of four independent solutions obtained by solving, using a standard RungeïKutta method, four initial-value problems with initial conditions [ J +S , @ n JK J K 5 i4 5 6 7j, where K is associated with the relevant initial-value problem and S is the value of S on the boundary 1 . When the general solution is introduced into the boundary conditions (66) and (67) a homogeneous linear system of fourth order is obtained. This admits nontrivial solutions if the determinant of the associated matrix of coefficients vanishes, and this yields the ñfrequencyò equation.
As in [5] , we impose the incremental conditions
on r @ k). The first condition requires that r @ 3 on r @ k) and is satisfied provided R is given by
where L is an integer (taken to be positive without loss of generality). With the choice (72) for +S r U,, ) and L appear in Equation (57) and the boundary conditions (66) and (67) only through R. It therefore suffices to set L @ 4 in (75). Results for L 4 can be obtained from those for L @ 4 by the scaling )L of ).
As already pointed out in section 4.1, the bulk solid is modelled by a three-term strain energy of the form (45) and the coating behaviour is described by the strain energy (47). All parameters appearing in the formulation are non-dimensionalized using the shear modulus v and the length scale ", and an overbar signifies a dimensionless quantity. The dimensionless parameters for the coating material are
The dimensionless form of the squared frequency is defined as
and the dimensionless form of the moment of inertia *, given by (71), is
where 7 @ 7". As previously discussed, 7 is proportional to s ON. In particular, it can be shown that, in dimensionless form, 7 @ 5
In dimensionless form, the requirement ON " 5 becomes
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The dynamic behaviour of a coated block subject to bending is now illustrated with some numerical examples. For this purpose we concentrate on results where the thin film occupies only one boundary, 1 or 1 . . The response of the structure depends on the following parameters: the initial dimensions of the block through the ratio )"; the extent of the bending deformation given by k; the material properties of the block fixed by the constitutive assumptions described in section 4.1; the density of the coating relative to that of the bulk material; N and the ratio O N.
When the values of these parameters are given it remains to determine the dimensionless frequency from the frequency equation. Numerical results for a coating on 1
. are reported in Figures 1ï3. In Figures 1 and 2 , for )" @ 4 5 respectively, the parameter is plotted against the stretch u . on the longer boundary. Illustrative plots are reported for N @ 4 with O N @ 3334 334 335. Results for lower and higher values of O show little qualitative difference from those considered here. Variations in N have been explored but no significant differences have been found for N @ 34 334. For convenience " is set equal to 1 throughout. The influence of the relative densities of the bulk and film materials is investigated by considering density ratios z D z @ 34 4 43. In general, continuous curves pertain to the coated block, while dashed curves describe the behaviour of the uncoated block. Several solution branches are shown. Their cut-off point on the right of the figures corresponds to the value of u . for which the plane section of the block is deformed into a circular annulus, at which point k) @ y. In particular, with N @ 4, the limiting values are u . 688 586 for )" @ 4 5, respectively.
The first branch in each plot intersects the axis @ 3 at a point coinciding with the critical value of u . corresponding to bifurcation. Dryburgh and Ogden [5] have found that a coating on 1
. promotes bifurcation and that the value of the critical stretch at bifurcation, denoted u eli . , does not depend significantly on the flexural stiffness. For )" @ 4 5, u eli . 499 4;7, respectively, which can be compared to the corresponding values u eli . 4;; 549 for an uncoated block. Solution branches beyond a critical value of u . cannot be reached in a stable quasi-static deformation starting from the undeformed rectangular configuration. Figure 1 is for )" @ 4. The first row of plots shows that, when the density of the bulk material dominates that of the coating, an increase of bending stiffness has no effect on the frequency of vibration. In the vicinity of the undeformed configuration (u . @ 4) the frequency for the coated block is close to that in the uncoated case, especially for the lower solution branches. In general, the coating has the effect of lowering the frequencies of the first branch and, as indicated above, bifurcation occurs earlier than for the uncoated block. When the densities of the substrate and the film are equal ( z D z @ 4), an increase in the bending stiffness influences primarily the upper branches, whereas the lower branch frequencies are only slightly reduced. When the film density is greater the values of for the first three branches decrease significantly as O N increases while the other solution branches are virtually unaffected. Figure 2 shows the results for )" @ 5 for z D z @ 4 43. Apart from a necessary re-scaling of the abscissa axis, the plots are quite similar to those of Figure 1 .
The effect of varying the mode parameter R @ Ly+k) , on at u . @ 46 is shown in Figure 3 . By means of R different modes may be selected through the ratio )L. Moreover, it allows for varying the ñfanò described by the flexed block through k) (cf Equation (31)). Since the block deforms into an annulus when k) @ y, the R-axis starts from 1. Instead of , the variable plotted on the vertical axis is R 5 , which is a dimensionless measure of the square of the speed of propagation of a wave along a curved boundary. Since the wavelength is @ 5)L @ 5y+kR, the frequency , which, by definition, is @ 5yD , can be written as @ kRD, where D is the wave speed. It turns out that The first branch in each plot is affected by the pathological situation that @ 3 when R @ 4, corresponding to an apparent bifurcation. A straightforward calculation shows that, for L @ 4 and u . @ 46, R @ 4 corresponds to )" @ 4477 43;5 for the uncoated and coated blocks, respectively. But from the results given in [5] it is evident that no bifurcation occurs for specimens of these dimensions. In fact, for R @ 4 the equations can be solved exactly and the resulting solution corresponds to a rigid rotation, which does not qualify as an acceptable bifurcation solution. The point + R 5 R, @ +3 4, is therefore associated with the trivial solution. Of course, in the limit R @ 4 the boundary conditions (74) are not applicable. The general trend noticed in Figures 1 and 2 is also apparent in Figure 3 . In particular, the behaviour of the block is sensitive to changes in bending stiffness only if the coating density is greater than that of the block material.
Figures 4 and 5 are for a coating on 1 . Figure 4 results for a block with )" @ 4, and density ratios z D z @ 4 43 are given. In contrast to the case when the coating is on 1 . , bifurcation is advanced or delayed depending primarily on the ratio O N. In this case the lies in the range^48< 54:`for both values of the density ratio. Also, when the coating is on 1 changes in N do not alter significantly the general behaviour, as found for a coating on 1 . . Figure 5 is the counterpart of Figure 3 for u . @ 46. Compared to the latter, the most apparent difference is that, as the mode wavelength decreases, a coating on the compressed side appreciably lowers the frequencies of vibration when the bending stiffness is small ( O N @ 3334) and for all density ratios. This can be interpreted as an indication of the tendency of the compressed film to be unstable when its behaviour is close to that of a membrane.
In Figure 6 , the influence of the coating rotatory inertia term on the frequencies of vibration of an undeformed block is considered. To this end, the boundary conditions (21) and (22) are specialized for the case in which the block remains rectangular with u @ 4. On 1
. we then have As expected, the differences are more pronounced when the wavenumber (inversely proportional to )L) is relatively high, but are essentially independent of the bending stiffness of the coating. In each plot, the first three solution branches are shown. For )L @ 38 and for the first branch, the discrepancy between results for * @ 3 and * 9 @ 3 increases up to 100% when z D z @ 43. For )L 4 the results are indifferent to inclusion of the coating inertia. 
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